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Low-Temperature Phases of Itinerant
Fermions Interacting with Classical Phonons:
The Static Holstein Model
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We consider models of independent itinerant fermions interacting with classical
continuous or discrete variables (spins), the static Holstein model being a
special case. We prove for all values of the fermion-spin coupling and a special
value of the fermion chemical potential and classical magnetic field, at which the’
average fermion density is one-half and the average total spin is zero, that there
are two degenerate ground states of period two with antiferromagnetic order for
the spins and fermions. The existence of two corresponding low-temperature
phases is proven for large coupling and dimension two or more by using a
Peierls argument. This generalizes results of Kennedy and Lieb for the Falicov—-
Kimball model.

KEY WORDS: Itinerant fermions; low-temperature phases; antiferro-
magnetic ordering; static Holstein model; classical phonons.

1. INTRODUCTION

We study the equilibrium properties of a general class of lattice models of
free itinerant fermions interacting with classical degrees of freedom. The fer-
mions are described by creation and annihilation operators ¢!, c, at lattice
sites xe 4, A a finite subset of the d-dimensional cubic lattice Z%. They
satisfy the canonical anticommutation relations ctc,+clc.=6,,, xe4,

ye A. The classical degrees of freedom are described by a spin variable s,
x € A, which takes discrete or continuous values in R. This is specified by
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an a priori even spin measure p(s,) chosen according to the physical
significance of the spin variables in the models considered. We follow the
ideas of Kennedy and Lieb!'®*'® on the Falicov-Kimball model which
corresponds to s, taking on only two values.

The Hamiltonian of the system is given by

Hip k)= Y tycie,+4 Y ns.—h Y s,

x,veA xed xeA
—u Yy ne+ Y f(s?) (1.1)
xeA xeA
where the hopping matrix is ¢,,= —1 for |[x—y|=1 and O otherwise,

n,=ctc,, and h and p are the magnetic field and chemical potential
acting, respectively, on the classical and fermion degrees of freedom. The
term f(s2) represents the energy associated to the classical degree of
freedom.

The average value of a general observable O({c!, c,,s.}) at inverse
temperature f§ is given by

<0({Ct, Cx’ s.r})>A (B, ,U., h)

= [ T1 ds TrLO({cl, cor 5. 1) palB i, 1)) (12)

xeaA

where p , is the density matrix

1
paB, 1 hy=—TI pls.) exp[—BH (s, )] (1.3)

Axed

and Z , is the partition function

Z,=[ T1 pls,) ds, Trexp[ —BH (u h)] (1.4)

xeA

Since for specified values of the {s.} the fermions are not interacting,
the average of observables which depend exclusively on the spin variables,
for example, S,=T].c 5., A< 4, can be computed by first tracing out
the fermions. This yields a classical (Gibbs) probability distribution for the
spins such that

1
(a2 (Bw )= [ Ssexpl—BF ({5} B. 1 W] T[ pls,)ds, (15)

xed
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where F,({s.}, B, u, h), the effective interaction energy between the spins, is
given by the formula

1
Fi{se}, B h)=p"" 4] In 2+ 3 tr[H({s})—u]

_/}—'tr{lncoshﬁ [H({s.})—u] }
—hY s+ Y fis?) (1.6)

xeA xeAd
The one-fermion hamiltonian H({s,}) in (1.6) is a |4| x | 4] matrix
H({s,})=T+S (1.7)

where (T),,=t,, and (S),,=s,6,,. [To get (1.6) one uses the identity
1+e *=2e""cosh(}./x%)].

It is possible to recover from the classical distribution (1.5) informa-
tion about certain quantum observables by using the following type of
formula (proved in Appendix A):

nda (B, “’h)__+,l (s f (5304 (B py ) (1.8)

In various applications the second term on the right-hand side of (1.8) is
in fact proportional to the order parameter of the effective classical model
[defined by (1.5) and (1.6)] so that information about the fermion phases
can be obtained from the classical phase diagram. We also discuss in the
conclusion and Appendix A a formula connecting the spin-spin correlation
to the imaginary-time displaced density—density correlation of the fermions
(or Duhamel two-point function).

The ground-state energy of the fermions in a given classical configura-
tion {s.} is defined by

EA({S,\’}’ #’ h)=ﬁ1erlo FA({SX}’ ﬂ’ #9 h) (19)
From (1.6) one finds

1
EA({S.\'}’ B h)=—3 tr{[H( {s.v})_#]Z}l/Z

+ 3 f(s2 )+<——h) y s_‘—§|A| (1.10)

xeA xeA

The ground states of the full system are found by minimizing this function
over all possible spin configurations.

822/76/1-2-7
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Results

In the present work we obtain rigorous results about the ground states
and low-temperature phases for the special case where h=14/2 and u=0.
We call this point in the (g, #) plane the symmetry point because the Gibbs
factor in (1.5) is invariant under a global spin reversal {s,} - {—s,}. To
see this, let (U),, =¢,6,,, e,= +1 for x even and —1 for x odd, be a
|A] x |A| matrix; then U'TU= —T and U'SU=S. Thus U'H({s.})* U=
H({—s,})’, which together with the unitarity of U implies the invariance
of the Gibbs factor at the symmetry point. At the level of the fermion
operators the transformation ¢! —» ¢ c,, ¢, - ¢.c!, exchanges particles into
holes because clc,— 1 —clc.. Moreover, since the transformation is
unitary, one can check that {clc.>, (8,0, 42)=1~{cte.>,(B,0, 1/2).
Thus at the symmetry point the electron density is exactly 1/2 for any .

In particular we prove that for a large class of functions f(s2) there are
two ground-state configurations of the spins for all 4

s.= t£,00(4) (1.11)

where the amplitude of the spin o(1) is the solution of an integral equation
depending on the particular single spin measure. At low temperature and
large A we prove that there are, in d > 2, at least two phases corresponding
to the two antiferromagnetic ground states.

The proof makes use of a Peierls-Dobrushin argument adapted to our
situation. The application is made difficult by the fact that the effective
energy (1.6) and (1.10) contains many-body interactions among the spins,
whose structure is difficult to obtain. This prevents the straightforward
application of methods of classical statistical mechanics to the spin prob-
ability distribution (1.5). Qur analysis brings out the following features of
F,({sc}, 8,0, 4/2): At low temperatures the dominant terms in the total
effective energy are the sum of a one-body and two-body potential; n-body
terms with n > 2 are negligible. The one-body term consists of a double well
with two minima at +oy(4). The two-body term has an Ising antiferro-
magnetic form if the spins have values close to the minima. The main
difficulty we have to overcome in applying the Peierls argument is that the
energy gain associated with a Peierls contour becomes very small either
when the spins adjacent to the contour take values close to zero or when
they take very large values. It turns out that the one-body contribution acts
as an “effective chemical potential” which discourages too small or too
large values of the spins.

We discuss more specifically three special models.



Itinerant Fermions 95

The Static Holstein Model

This model has the single spin measure p(s,)=1 and energy
fls3)=14s2 (1.12)

Physically the corresponding Hamiltonian describes an interacting
electron—phonon system'!>2®) where the phonons are treated as classical
oscillators. Since the oscillators are classical one can integrate out their
momentum variables and only the position variables remain (hence the
name static, for quantum mechanical oscillators position and momenta do
not decouple). Thus in this case s, is to be interpreted as a position
variable of a harmonic oscillator at site x. This model has recently been dis-
cussed extensively in refs. 1 and 2, where it is called the adiabatic Holstein
model.

An application of the formula (1.8) to the Holstein model at the
symmetry point gives the simple relation

A 11 A
<n.\->A <»B’ 0’ 2) - 2 + l <S.\‘>A (Bi 05 2)

The behavior of {(n, > is the same as that of {s.>. Our results for the
ground state in any dimension and at low temperatures, in d=2, thus
prove that the electron density forms a “charge density wave” of period 2.
This makes rigorous the theory of the Peierls instability for this model (for
results in one-dimensional models see refs. 3 and 19). We can also prove
that at high enough temperature F,({s.}, 8,0, 4/2) is a strictly convex
function of {s,} with a unique minimum at s,=0 for all xeA. The
abscence of long-range order for fA%>< 1 then follows from an application
of the Brascamp-Lieb inequalities.

One can also add anharmonic corrections to the energy of the
oscillator, e.g,,

S =32+ aust+ -, 2g>0 (1.13)

without changing the main results. The only difference is that convexity
does not hold for single spin energies without the quadratic term, for
example, f(s2)=a,s*. In fact we will show that when the quadratic term
1s absent the effective energy is minimized for all temperatures by the two
antiferromagnetic spin configurations. There is, of course, still an absence
of long-range order at high temperature, but it does not follow directly
from Brascamp-Lieb inequalities.
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The Falicov-Kimball (FK) Model

In this case one takes
pls)=300(s,—1)+8(s,+1)] (1.14)

In other words, one can consider the spin as a discrete variable taking
values in {1, +1}. Moreover the Hamiltonian (1.1) is defined without
the term Y, f(s2), which would just be a constant in this case. The FK
model has been analyzed extensively in the literature. In refs. 18 and 19
(but see also ref. 26) it was studied in detail at the symmetry point (density
1/2), where one has two degenerate antiferromagnetic ground states and
two corresponding low-temperature phases in d>2. These results were
extended‘*? for large 4 to a strip of width 1/A in the (g, h) plane around
the symmetry point, thereby allowing the density to be different from but
close to 1/2. Results concerning the ground state for other rational densities
can be found in refs. 7, 20, 11, 13, and 14 for the one-dimensional case and
in ref. 17 for two dimensions.

One can obtain this model as the limit y - oo of a continuous spin
model with

-1
pyls)=e =V U ds, e~7- "ZJ (1.15)
This enables us to apply (1.8) and obtain (see Appendix A)
AN 1 A A
a(B0.5)=5+5 88 0¢04(803)  (116)

with g(f, A) given by (A.7). This relation, which is valid for any § and A,
is new to us. Since g(B, ) is analytic in 8, the critical behavior of {n_) is
identical to that of (s, ), which is presumably of Ising type. The latter fact
has been shown to hold in the limit of infinite dimensions.>

An Intermediate Model

A useful model which is intermediate between the Holstein and FK
models has

pls)=300(s) +6(s3—1)] (1.17)

In this case the spin takes the three values +1, 0, and —1, and the
Hamiltonian is defined without the term Y. f(s2). This model already con-
tains some essential features of the static Holstein model. For the sake of
clarity we present the Peierls argument for this case and then indicate the
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necessary modification needed to treat the case of continuous unbounded
spin.

The rest of the paper is organized as follows. In the next section we
analyze the ground states for continuous spins according to the choice of
f(s2). Section 3 is devoted to the study of the structure of the effective
potential at positive temperatures. We prove there results about the
minima of F,({s,}, B, 0, 4/2) for small and large B. The low-temperature
behavior of the system is the subject of Section 4, where the Peierls
argument is carried out. Section § contains a discussion of open problems.
More technical material can be found in the appendices.

2. GROUND STATES

We consider the model on a cube A = Z containing (2N) sites with
periodic or free boundary conditions. We want to minimize the ground-
state energy at the symmetry point (u, #)= (0, /2),

E({s.})=—5tr{[H({s. )} + ¥ f(s2) (2.1).
xeA

where, to keep the notation simple, we do not write the A4 and (u, 1)
dependence explicitly. The case of the Falicov-Kimball model has been
treated in refs. 18 and 19 and the case where p(s,) is a uniform distribution
on the interval [—1, +1] and f(s2) is absent has been considered in
ref. 21. For both situations E({s.}) attains its two unique minima for the
antiferromagnetically ordered configuration s.= +¢_, all xe 4. When one
has to take into account the energy f(s2) the amplitude of the minimizing
spin configuration will be different from +1 and is determined by an
integral equation.

Theorem 2.1. Let f(1) be a positive convex function for 1 > 0, with
S'(1)>0 for t large enough. Then

(i) E({s.}) in (2.1) attains its global minimum for the antiferro-
magnetic spin configurations

sc= +e.00(4) (2.2)
where ¢2(1) is the solution of the equation in ¢

. }.2 1 d 2 —-1/2
fi=%— 3 [4( Y cos ka) +/12:] (2.3)
414l 4,

=1 a=1

and the sum is over the modes k, =nn /N, n,= —N,.., +N, 2N)?=|A]|.
(ii) These are the only two global minima.
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Remarks. (a) This theorem makes rigorous the theory of the
Peierls instability for this class of models. Here it is valid in any dimension
due to the fact that there is no coupling between the phonons on different
sites. Equation (2.3) is standard in the solid state literature.

(b) The theorem makes sense because a unique solution of (2.3)
always exists (for all 1) as long as || is large enough. This is aiso true in
the thermodynamic limit. In the case of the Holstein model for large 4,
oo(A)~4/2 and for small 4, oo(d)~ A~ 'exp(—4472). These facts are
proved in Appendix B.

(c) We could consider more general bipartite lattices, in which case
the sum over cosines in (2.3) would have to be replaced by the appropriate
dispersion relation Y. 1 o €xp(ik - x).

(d) Fermions with a spin one-half would give the same result with a
factor of 2 multiplying the right-hand side of (2.3).

Proof of Theorem 2.1. The first step of the proof uses an idea of
refs. 18 and 19, which we reproduce here for completeness. As noted in the
introduction, H({s,})? and H({ —s,})* are unitarily equivalent. Thus from
(1.12) we have for u=0 and h=41/2

E({s.})=3[E({s. })+ E({ —5.})] (24)

Using the fact that tr \/:Y_ is a concave function of the matrix X together
with (2.4), one gets

E({s,}) 2 ~3tr[H({s,})* + H({ =5 })*1"*+ ¥ f(s7)

= —3tr(T2+ 2282+ 5 f(s?) (2.5)

xea

In (2.5) the equality is attained for configurations such that 7S + ST =0,
ie, s.+s5,=0 for all nearest neighbor pairs x, ye A. The most general
form of such configurations is s .= +¢.0, where ¢ is any positive real
number.

We will now show that there exists such a configuration which mini-
mizes the lower bound in (2.5). Clearly this will also be a minimum of
E({s.}). We set S’=®, (®),,=¢.0,,. The lower bound is a function of
{¢.}, namely

G({4.})= —3t(T>+ A0)* + ¥ f(4.) (26)

xeA
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We have

- rga-E | 2 (774 220y 12 27)
5¢v 09 '
Since {y| 0®/0¢,|z) =6,,6.,, any local minimum satisfies the set of
equations

2
F@I=5 T+ 120) 21, xed 28)

For a solution of (2.8) we try the ansatz ¢, =0? o a real constant inde-
pendent of x. One obtains (2.3) by expressing the right-hand side of (2.8)
by a sum over the wavenumbers of the first Brillouin zone. (See remarks
after the theorem for the existence of a solution.) Thus we have found at
least one local minimum of G({4.}). Obviously G is a convex function, so
this must also be a global minimum of G and therefore of E({s.}) also.

It remains to prove statement (ii). In fact this follows from the unicity
of the minimum of G({¢,}), which we now prove by showing that for any
{#.} the matrix 6°G/d¢, 04, is strictly positive. From (2.7) we have

0°G
0¢. 09,

=/"4.) 0+ M, (29)

with

M,

+220)" 2 |p> (2.10)

¢

To compute the partial derivative with respect to ¢, in (2.10) we use the
following representation of the square root!'®

T2+ %)~ 112 = — 11
(T +4°2) I \/_r+(T2 T+ 220) @b
An application of the resolvent equation leads to
S L 030l ) (212)
“Tomde Sy N r (TP 10) r+(T°+2°9) '

Since (2.12) is feal and symmetric with respect to exchange of u and v, we
only have to show that

P= Y M, y4,>0 (2.13)

uveA
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for all real-valued nonzero functions ., xeA. Denoting by y the
self-adjoint multiplication operator by the real function ., we have from
(2.12)

1 1
=2nf [ +(T2+AZ¢)'I'r+(T2+/12¢)] (2.14)

Since T2 < 4d? we get, using (2.14) and the cyclicity of the trace,

A4 ro dr 1
Sy AP 7 S E—
P 2nL N r["’ (r+4d2+,12¢)2:|

!
ZnI VR LV Tl T (2.15)

By hypothesis there exists at least one xe A for which ¥ #0; thus P is
strictly positive. Since f”(¢) >0 (¢ >0), °G/d¢, 0¢, is positive definite. This
concudes the proof of the theorem.

3. STRUCTURE OF THE EFFECTIVE ENERGY

We are concerned with qualitative properties of the total effective
energy depending on the particular class of functions f(s2). At the sym-
metry point (g, h)= (0, 1/2) it takes the form

F({s})= —p~"tr [ln cosh 2 { [H({sx}>12}“2]+ T fs2) @1
xeA
The main results of this section are the following.
Theorem 3.1. Let f(1) be a positive convex polynomial 3", a;/,
with a, > 0. We consider two cases:

(i) a,=0. Then for any § and 1, F({s.}) attains its global minimum
for the antiferromagnetic spin configurations

S.\'= isxa‘](l, ﬁ) (32)
where o2(4, B) is the solution of the equation in ¢,

2
ro=2L S [E®k) tanh [g

4 lAlk,.az:lu.d E(k)] (33)
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with

d 2 12
Etk)= [4( Y cos k,) + th] (3.4)

a=1]

Moreover, these are the only two minima.

(if) a,>0. Then, for a given A, Eq. (3.3) has a solution only for f
large enough and the only two global minima of F({s,}) are given by (3.2).

Theorem 3.2. Suppose that f(¢) is as in (ii) of Theorem 3.1 and all
a;>0. Then there exists a positive constant ¢ such that for fA*><c, F({s.})
is a strictly convex function .of {s.}. Since it is even, it attains its unique
minimum at s, =0, all xe 4. For the Holstein model a; = 1/2 and one can
take c=2.

These results show that when the quadratic term is absent in f{(s2), the
qualitative structure of F({s,}) is independent of B, but it can change with
f when a quadratic term is present. In particular the static Holstein model
falls in the second category. An interesting application of Theorem 3.2,
which we defer to the end of this section, is a proof of the absence of
long-range order in the Holstein model for 84> < 1.

Proof of Theorem 3.1. The same arguments which led us to (2.5)
imply the lower bound

§<T2+1252)”2]+ Y ) (39)

xeA

F({s.})= — :—,), tr [ln cosh

In particular the equality is satisfied by any antiferromagnetic configura-
tion (indepently of the spin amplitude). Now we look for the minima of the
function

G({s.})= —%tr In coshg(T2+lz¢)”2+ Y flé.) (3.6)

The local minima are given by

f’(¢_‘)=% (x| (T?+ A*¢)~ ' tanh g (T + 1*)% |x) (3.7)

which leads to Eq. (3.3) if we express the right-hand side as a sum over the
first Brillouin zone. The convexity of (3.6) is obvious by inspection, so that
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the solutions of (3.7) are global minima. The existence of solutions for
a,=0, ail § and a,>0, large f§ is discussed in Appendix B. It remains to
prove that (3.6) is strictly convex. To compute the second derivative of
(3.6) we use the representation

2 - B = 1
2 1245 l/lt h=— TZ 2d5 172
(T2 20)" Fanh (T4 B0YE= ) G TP e+ 1T+ 170)

(3.8)
which leads to
202G ., 1483 = :
a¢ua¢uzf (¢u) 5uv+ 16 k§=:0 <u| (k+%)2 7[2+"i’ﬂ2(T2+,12d5) |U>
1
O G T ) (39)

Using (3.9), one can easily prove the analog of (2.15) and conclude the
proof.

Proof of Theorem 3.2. For simplicity we consider first the case
where f(s2) is purely quadratic (Holstein model) and give the necessary
modifications for the general case. Since cosh(x) is an even function we can
write

F({s.})= —ltr [ln coshE(T+AS)]+ Y ls% (3.10)
ﬁ 2 .\'EAZ ’
The second derivative of F({s,}) is
3°F PR 8
3. ﬁs_‘,_é"""—i { x| &;tanh 3 (T+AS) |x> (3.11)

To compute the partial derivative in the right-hand side of (3.11) we use a
formula analogous to (3.8),

tanh~§—(T+AS)=B(T+/lS) i G.(S) (3.12)
k=0
where

1

) =TT T+ 1)

(3.13)
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One then finds

J B
%, [tanh 5(T+ /15)]

[='s) 3
LD Gus)+ 22 T 4a9)
k=0

o0

Z (SIUT+AS) [y> I+ ¥y (T+A8)] Gi(S)  (3.14)

Combining (3.14) and (3.11) gives

J*F
asx asy=5u - (Ax_v+Bxy) (315)
with
2
Oy - 2 x| Gi(S) x> (3.16)
k=0
and
B4/{2 o
B,.,= Y. [KxXI(T+AS) GSUT + A8) |y ><{y| Gu(S) |x)
k=0

+ (X (T +A8) Gi(8) |y >yl (T +AS) Gi(S) [x)] (3.17)

Since 4,, and B,, are real symmetric kernels, it is sufficient to check that

)> (3.18)

as

x, ved

for real nonvanishing functions ¥/(x), x € 4. We prove lower bounds for the
contributions of 4,, and B,, to (3.18).

Contribution of A,,. We have

1
(x| Gi(S) |x><”Gk(S)”<'(_k+_%)?? (3.19)

Thus

Y A v) <t [i —1—] T WP (3.20)

2.2
x,yeAd k=0(k+5) T xeA
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Contribution of B,,. Let  denote the multiplication operator by the
function ¥ (x). We have

3200

Z {tr[¥(T+ 1S) G (ST + AS) ¥ GK(S)]

Y B y(x) ll/(y)='3

x, veA

+ tr[Y(T+ AS) G(S) Y (T + AS) G, (S)]} (3.21)
We notice that

F

2 (T+ASY < [G(S)]! (3.22)

Multiplying this inequality on both sides by [G,(S)]? and using the
commutivity of G,(S) and (T + AS), we obtain

2
B (T+28) G(S)T+AS) < 1 (3.23)

Using (3.23), (3.19), and the cyclicity of the trace, we obtain

2
B alU(T+19) GuST+19) ka(S)]{ ] T wx) (324)

xed

l
(k+
For the second trace we first use the Schwartz inequality

tr[Y(T+ AS) G(S) Y(T + AS) G,(S)]
St[Y(T+4S) G (S)* (T+ AS)¥]
=tr{Y[Gu(8)]"* (T +4S) Gi(SHT + AS)[G(S)1* ¢} (3.25)

Then by (3.24) and (3.19) we get the same upper bound as in (3.23).
Collecting these two estimates, we obtain

B[ & 1
Y B y(x)y(y)<— > [Z (k+—-} Y W(x)? (3.26)

x,ved k=0 xeA

Finally, using the estimates (3.26) and (3.20), we get from (3.15)

)

x.yeA

g 0> (1282 $ ) T oo 620

xeA

The sum over k in (3.27) is equal to 1/2. Thus (3.18) holds for all non-
vanishing (x) if A%< 2.
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In the general case where f(s2)=Y3;a;s¥ the same arguments lead to
(3.27) with the term in parentheses replaced by (a, — $42/2) plus an extra
term which is surely positive when all a;> 0.

Absence of Long-Range Order for BA2<c

We._first recall an inequality of Brascamp and Lieb."*’ Let C be a
positive n x n matrix, and W(z), z=(z,,.., z,) € R", a log-concave function.
Consider the average of a function N(z)

_’-N(Z) W(Z) —(z,Cz)/2
[W(z)e- =7

(N>y= (3.28)

Then if C, is the matrix with entries ({z;2;>,—<2;>, {z;D4), L, j=1---n,
we have the matrix inequality

Cyw<Cy_,=C! (3.29)

For a fixed a > 0 sufficiently small let

F({sHh=F{s.})—a } s (3.30)

xeAad

By the same proof as that of Theorem 3.2, F,({s,}) is strictly convex for
BA* <1, uniformly in {s.}. Thus exp[ —BF,({s.})] is a log-concave func-
tion. A straightforward application of (3.29) then gives

((Sisj>/l(ﬂ)_<si>/ﬂ(ﬂ)<sj>/1(ﬁ))i.j=l |A|\\/_(6lj)l_/l - 1A) (3.31)

as quadratic forms. With periodic boundary conditions we have
{s:> 4 (B) =0 so that by (3.29) all eigenvalues of ({s;5,> 4 (8));j=1... .4 are
bounded by a~ "2 Consequently the Hilbert-Schmidt norm of this matrix
is bounded by a=' |4], ie.,

1 M4

T L L KssdaB)< (332)

i=1) j=1

Clearly this means that there is no long-range order for f12 < 1.

4. LOW-TEMPERATURE PHASES

We expect that in dimensions greater than or equal to 2 there are two
low-temperature phases corresponding to the ground states for all 2. Here
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we prove this fact for 4 large. To make this statement precise we impose +
or — boundary conditions on H , in (1.1). These are defined, respectively,
by e.5,= +0o(4) and g,5, = —0y(A) for xe {u € A | |lu—v|=1,veZ\A}.
This set consists of the sites of 4 which are at the boundary. The corre-
sponding averages at the symmetry point (u, h)= (0, 4/2) are denoted by
{=>7 (B) and {->; (B). For the static Holstein model we prove the
following result.

Theorem 4.1. There exists a fixed number 8’ >0 such that for A
and f/4 sufficiently large we have

+06(4) — 6" < (&5 )T (B) < too(A)+ 6 (4.1)
We recall that g4(4), the solution of (2.3), behaves as 1/2 as 1 — oo.

We first present the detailed Peierls argument for the case of discrete
spins taking values —1, 0, +1 [the model with single spin measure (1.17)].
To do this we combine an idea used in ref. 12 with the technique of refs. 18
and 19 and prove the statement of Theorem 4.1 with ¢4(4) replaced by 1,
and some ¢’ < 1. The case of continuous spins introduces extra technical
complications which we explain at the end of the section.

Peierls Argument for the Discrete Case. We adopt the
following setup. Fix + boundary conditions, i.e., fix s, =¢, for u a bound-
ary site. Given a configuration {s.}, we say that the site ye A4 is “correct”
if s, =¢,, otherwise it is “wrong.” Clearly all boundary sites are correct and
all sites y with 5, =0 are wrong. Now draw the Peierls contours by drawing
a bond on the dual lattice whenever one of the adjacent sites is correct
and the other wrong."" Let y be an external contour, ie., from any site
adjacent to y externally there is a path to the boundary not crossing any
contour. All the adjacent external sites will then have s, = ¢, while the sites
adjacent to y from the inside will have either s, = —¢, or 5, =0. Let /(y) be
the total number of sites adjacent to y from the inside. We label by
¢ 15w Ekyyy the sites which are adjacent to y from the inside which are not
zero and by &y, 4 1, &) the remaining sites adjacent to y from the inside
(they have zero spin). Suppose that the probability of a contour y with
specified &,,...,, &,(,, satisfies the estimate

P(y; ¢y, ék()v)) e M) (4.2)

for some positive function J(4). Then the probability of a contour y can be
estimated as
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i(y)

P(y)= Z Z P(y; &y,enns ikm)

k=0 &y Ekiy)

< Z Z e—ﬂl(i)l()’)

k=0 &),.. Sk

1) t
k)t —BIN I £ QI =BINID)  (43)

S Z o k(M LI(y) — k() 1!

With (4.3) one can easily complete the Peierls argument. In order to get the
estimate (4.2) on P(y; &,,..., €x(y)) it is sufficient to show that

F({s.})—F({st})=J(A) I(y) (4.4)

where {s}} is obtained from {s.} by flipping all the spins inside y except
for those at the sites {y,) 4 15 &), and replacing the latter ones by those
corresponding to the correct phase. For specified £,,..., &y, this transfor-
mation is one to one and removes the contour y: it can also modify the
contours inside y.

Integral Representation for (4.4). We have to decouple the
contributions to (4.4) coming from the interior (int y), exterior (ext y), and
boundary of y, 8y = {4, vn.n|ueinty, veexty}. To this end we introduce
three orthogonal projectors: A,, which projects on the subspace of one-
particle wave functions supported on the sites &,y 4 150 Ciy)s Py Which
projects on the subspace of wave functions supported on the remaining sites
of int y; and finally Q,, which projects on the wave functions supported on
exty. Obviously we have P,+Q,+4,=1 and P,Q,=P,A,=0,A4,=
Moreover the projectors commute with S. The square of the Hamiltonian
can be decomposed as'*?

H({s:})’= X,(S) + Y,(5) (45)
where
X,(S)=P,H({s,})* P, + Q,H({s.})? Q,+ A, H({s,})* 4,  (46)
and
Y,(S)= P,H({s.})* 4,+ A,H({s.})* P, + P,H({s.})* O,
+ O H({5)) Pt A, H((5. )7 0, + 0, H([s.)) 4, (47)
We set

Z,(S)=X,(S)+1Y,(S) (4.8)
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for 0<1<1 and

F(S, 1)= —% tr {m cosh g [Z(S)] 1/2} (49)

It follows from the orthogonality of the three projectors that the derivative
of F(S, t) with respect to ¢ satisfies F'(S,0)=0. An integration by parts
gives

F({s.})=F(S, 1)=F(S, 0)+L‘ di(l1—1t)F"(S, 1) (4.10)

The second derivative in (4.10) can be computed by using the formula (3.8)
with Z (S) replacing T2+ A°®. This leads to the integral representation

3 o
F"(S, t)=f—6 AT (4.11)
k=0
where
Ji(S, 1) =tr[Y (S) G(S, 1) Y,(S) G(S, 1] (4.12)
and
1 2 2 -1
G.(S, )= [(k+§> 7’ +ZZ'(S)] (4.13)

[For the sake of simplicity we have not indicated explicitly the unit matrix
multiplying (k 4+ 1/2) =%.] Using these formulas, we can represent (4.4) as
a sum of two contributions

F({s, })—F({s¥})=(I)+ (ID) (4.14)
which are
(I)=F(S, 0)— F(S*, 0} (4.15)
3 x
(")=-13 Y LS, )= fu(S*, 1] (4.16)
k=0

Lower Bound for (I). We note that
F(S,0)= —lﬂtr {ln cosh g [X,.(S)]”z}
= —%(tr {P,, In cosh g [P,H({s.}) P,] ”2}
+tr {Q), In cosh g [0, H({s,})? Q).]‘/z}

+tr {A.l, In coshg[A,H({sx})2 A),]”Z}> (4.17)



Itinerant Fermions 109

Moreover the operators P,H({s.})* P, and P,H({s*})? P, are unitarily
equivalent under multiplication by ¢,; Q,H({s,})* Q, and Q,H({s¥})* O,
are equal. Consequently

D)= —% (tr {A, In cosh g [A,H({s.})? Ay]l/z}

—tr {Avln coshg[ArH({s:})2 Av]'/z}) (4.18)

We have the matrix inequality —2d— A |S| < T+ AS<2d+ 1 |S|, where d
stands for d times the identity operator, and |S| is the diagonal matrix with
entries |s.|. Thus

(T+AS)’<(2d+418))? (4.19)
Using (4.19) and 4,§ 2A}, =0, we obtain the estimate
tr {Ay In cosh g [4,H({s.}) 4,] ”2} <tr[ A, In cosh(fd)]
= [I(y) — k()] In cosh(fd) (4.20)

Consider the configuration §.=s¥ for x=¢,,y, ;. &,y and §,= +1 for
X# &gy 10 Eiyy- We have 4,54, = A,5*%A4,. Therefore

A(T+AS*) A, = A,(T+ 28 A,> 4,2d— 2)* 4, (4.21)

The last inequality follows from the fact that |§.|=1. From (4.21) we
obtain the lower bound

tr {Ay In cosh g [4,H({s¥})* 4,] ”2} = [l(y)— k()] In cosh g (4 —2d|

(4.22)
Finally, (4.20) and (4.22) imply
M=[y)—k(y)IB! <1n cosh g |4 —2d| —In cosh Bd)
=2 ¢ ALU(y) —k(7)] (4.23)

for some positive constant ¢,. This last inequality expresses the fact that
the measure (1.5) gives a low probability to having zero spins on the sites
6k()’}+ 19mees él(y)'

822/76/1-2-8
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Lower Bound for (11). We need to obtain a lower bound f,(S, ¢)
and an upper bound on f,(S* t) We start with the lower bound on
fk(S’ t)'

From (4.19), the commutivity of the projectors P,, Q,, and 4, with §
and (4.6)

X, <(2d+218]) (4.24)
Since
Z(S)=(1—1) X(S)+tH({s5.})? (4.25)
(4.19) and (4.25) imply
Gi(S, 1) = g,(2d+ A |S)) (4.26)

with the diagonal matrix

1
(k+3)Y n?+183x*°

gilx)= xz0 (4.27)

Therefore

SdS, )2 tr[Y,(S) gu(2d+ 11S]) Y (S) g.(2d+ A |S])]  (4.28)

Let us compute all the contributions to the right-hand side of (4.28) com-
ing from the various terms in Y,(S). Y,(S) involves off-diagonal blocks of
the matrix H({s.})’=T?+1S*+ A(TS+ ST). The cyclicity of the trace
and the commutivity of the projectors with S imply that the contribution
of S? to (4.28) vanishes. The same is true about the cross terms involving
T? and S2 Also the terms with T2 are positive, so the inequality is
preserved if we drop them. The cross terms involving T2 and TS+ ST
or S and TS+ ST vanish because they are odd under 7— —7 (multi-
plication by ¢, is unitary and transforms 7— —7 and S— S). Thus it is
sufficient to keep only the term coming from A(7S + ST), ie.,

[l S, ) 2222 e [PTS+ ST) 0, 8,(2d+ 2 S])

x Q(TS+ST) P, g,(2d+ A |S])] (4.29a)
+ 22 tr[P(TS + ST) 4, 8,(2d+ 1 15])
x A(TS+ST) P, g(2d+ 4\S])] (4.29b)

+ 242tr[Q (TS + ST) 4, g,(2d+ 1 S|)
x A(TS+ST)Q,g.(2d+ 41S])] (4.29¢)
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The term (4.29a) is estimated as

22 > (su+5,)° g(2d+21s,1) g4(2d+ 2 |s,])
Cuv) €y u= &l Ekiy)
220’ g2+ 1)]? > (su+5,)’
{uv) €dy.u=E&y o §kin
=8A%[ g, (2d+ M) P k(y) (4.30)

For the last equality we use the fact that for the sites u, v we have
s,+s,= +2. For the term (4.29b) we can only use the fact that it is not
negative,

22'2 Z (su+sv)2 gk(2d'+'1 |su|) gk(2d+j’ |sv|)>0
Cu 0> u=Ckyy4 15 Sy vE€INL Y (431)

since 5, =0 and s, might also be zero. The term (4.29c) is estimated as

22 > (5. +5.)° g(2d+ A 1s,)) g:(2d+ 1 |5,])
Cuvd € dyou = Exfy) 4 1o Eiiy)
> 22%[ go(2d+ 2)]* [Hy) — k()] (4.32)

since in (4.32), s,+ s,= +1. Summing these contributions, we get
SilS) 2 82°[ 2,(2d+ 1)1% I(y) — 6A%[ gi(2d + 1)]* [U(y) —k(y)]  (4.33)

Performing the sum over k an a trivial integration over ¢ leads to

o

3 1 ’
f_s ) fo di(1—1) fi(S, t)>%1(y)—%[1(y)—k(y)] (4.34)
k=0

with 0 < ¢5<c,. The first term on the right-hand side of (4.34) is just the
standard Ising type of energy contribution one would have with +1 spins.
It is reduced by the second term coming from the fact that the spin can
take zero value inside y.

We now obtain an upper bound for f,.(S*, r). We notice that for the
configuration S* we have

P(TS*+ S*T) Q,=Q,(TS* + S*T) P, =0 (4.35)

Q.(TS*+S*T)A,=A(TS*+5S*T)Q,=0 (4.36)
¥ ¥ ¥ 13

Therefore

JilS* )= fi po(S* 1) + [ pa(S* 1) + fir.04(S*, 1) (4.37)
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with
Sipo(S*, 1)=2t[P,T?*Q.G,(S* 1) Q,T*P,G,(S* 1)] (4.38a)
Se0a(8* 1) =2tr[Q,T?4,G,(S*, 1) A, T*P,G,(S*, 1)] (4.38b)
Supa(S*, 1)=2tt[P(T+AS*) A,G(S*, 1) A(T+AS*)* P,G,(5* 1)]

(4.38¢)

To get an upper bound on each of these contributions we use the pointwise
estimate (C.10) (see Appendix C) on the kernel of G,(S*, t). Since in the
discrte case max,. , |s*?| =1, a computation leads to

JrralS% )< e L83V k() (439)
FroalS* < es[8kes DT L) ~ k(7)) (440)

for positive constants ¢, and ¢4 independent of 1. For (4.38¢c) we have to
develop (T+ 1S*)? and consider each term separately. The one coming
from A(TS* + S*T) is bounded by

PLade DT Y (shst) e P U5t +s8) e~
uv), {v'e" >

< C22[gles )12 LIY) — k()] (4.41)

In (4.41) the sum is over u, v" =¢,,.., &, and v, v’ €int y. Similarly, the
contribution coming from T2 is bounded above by

esLgxles )Y [U(y) ~ k()] (4.42)

Note that one gets the same constant ¢, as in (4.39) and (4.40). For the
cross term involving T2 and A(TS* + $*T) we get an upper bound of the
form

C'ALgulc3 )] [Uy) — k()] (4.43)

Thus fi p4(S*, 1) is bounded above by the sum of (4.41)-(4.43).

Putting together this last estimate and (4.39), (4.40), performing the
sum over k and the integration over ¢, we obtain the final bound (with
¢3 >0, ¢3' >0, independent of 1)

"

B35 [ 5% 0 <Z )+ 1) —k 444
Te L |, 40048 0<FN+ S U=k (444)

The term c¢5/2* comes from (4.39), (4.40), and (4.42), while the term c4'/A
comes from (4.41) and (4.43).
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Proof of (4.4) for the Discrete Case. From (4.34) and (4.44)
we get the lower bound for (II) in the form

c; ¢

> (2-F) )5 @+l -kp] (445
The term proportional to /(y) on the right-hand side of this inequality is
the Ising type of energy gain associated to the removal of y for +1 spins.
This is also the contribution one would obtain for the FK model. The
negative contribution comes from the contribution of the zero spins
adjacent to y from the inside. This is canceled by the “effective chemical
potential” (I). Combining (4.23) with (4.45) then yields, for 1 large enough,
the bound

(D) + (1) =< i(y) (4.46)

PSP

with ¢ a positive constant. Thus we have obtained (4.4) with J(4)=c/A.

Peierls Argument for Continuous Spins. We first define the
contours. For § a fixed positive number of O(1) we consider the partition
of R=d4,ud_ud,, with 4, =[+04(d)—0a, +oo(A)+6] and 4,=
R\(4, ud_) We fix + boundary conditions by considering ¢,.s.€ 4, for
all xe {ue A ||lu—v|=1,ve Z\A4}. For a given configuration {s.} we say
that a site x is in a “Ostate” if s,€4,, in a “+ 1 state” if s,ed,, and in
a “—1state” if s, € 4 _. With these definitions we can draw the contours in
exactly the same way as in the discrete case. Let Z(y, {,,..., {,)) be the set
of configurations {s.} which have a contour (y, &,,..., &) The proba-
bility of a contour (y, £,,..., &) is simply the measure of X(y, &,,..., &4,))
with respect to the distribution (1.5), ie.,

1

Py, & Cuny) = Z_A L—(.,.A;,....' Skiy)

ds e~ PR (4.47)

where F(S) is given at the symmetry point by (3.1) and dS=]],.. ,ds.. To
get an inequality like (4.2), so we can repeat the argument of (4.3), we
consider the configuration S* obtained from S in the following way:

s¥=s,, xeexty (4.48)
s.t = =S x€int Y, X # ék()‘)+ | R ] él()') (449)
s¥=¢(0o(A)+ 6g(s,)), X = ék(r)+ Poeees C/m (4.50)

where the function ¢(7) is a smooth, monotone increasing, odd map from
R to [—1, +1] such that g(+ o0)= +1. The exact form of ¢ does not mat-
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ter but we need to have |q'(¢)| < C for some constant and 1 — g?(t)~ |f] ~!
for large |7]. We remark that the transformation from S to S* is one to one
once &,,.., £, are specified; thus by a change of variables

1 3 -
PO, Eniyy) == dS* |J(S)| e~ PFS )g=BLAS) = AIS*))
Z 4 P B3 Eran Eh)
(4.51)

where 2* is the transformed 2 and the Jacobian (which is absent in the
discrete case) of the transformation is

vesi= Il 67 'g'(s)]™! (4.52)

X = &k(z14 Lo Sly)

Thus (4.3) will hold if we prove the inequality
1
LE(S) - F(S*)] —-‘gln () 2 J(4) Uy) (4.53)

for all {s.}eZX(y, & .. &) From our hypothesis on g(f) we see that
B~ 'In |J(S)| < B~ '(Ind+In C)[I(y)—k(y)]. With the choice § = O(1) this
can be made arbitrarily small for low temperatures and turns out to be
harmless at the end.

Remark. The inequality (4.53) is the analog of (4.4), and is proved
for some given 8. Going through the Peierls argument Ieads to Theorem 4.1
with some &' = 4.

We recall that now F(S) includes the energy 3", 1s2. Here F(S) has the
same integral representation as in the discrete case and is equal to (I) + (1)
given by (4.15) and (4.16).

Modification of the Estimates for Continuous Spins. First
we find the lower bound for (I). Let {&,(,, 4 Eiyy} =AU Ay, where
A, is the set of sites for which {s.[ <04(4)~ 6 and A, the sites for which
[s ] >05(A)+ 6.

By the inequality (4.19) we get

tr {A, In cosh 12—} (4,H({s.})’ A)’]”z}

> Y. In cosh g Q2d+1|s.) (4.54)

X = &) 4 Loonr Ely)

Moreover with §, =5, X =iy 4 10 Siy)» ADA 5, = 0o(4) for the other sites
we have A4,(T+15)° A, 2 A (Ais¥| —2d)* A,. Thus
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tr {Ay ln cosh g [4,H({s.})*4,] 1/2}

< Y In cosh g (A |s* —24) (4.55)

X = $ky)+ Lo Sl

Splitting the sums over the two sets 4,, 4,, we get two corresponding
contributions for (I)=17,+1,. Extracting the assymptotic behavior of
(4.54) and (4.55) for f — o0, we get (a=1, 2)

LZ% 2 (Us¥ —lsd)+14.] Oe=*) (4.56)

xe A,

For continuous spins we have to take into account the energy dif-
ference coming from the single-particle measure and add it to (I). We have

7Y (si—s¥)=1 > (53 —s¥)=S8,+5, (4.57)

xed X € Sk + 1o Sli5)

where S, S, correspond, respectively, to xe 4,, 4,. For a=1, 2 we have

1 N2 A\? _
L+8.25 3 |(Ini=3) = (1s1-3) |+ 14 0 as)

XE Ay 2

For xe A, (Is,/—4/2)*>6" and (|s¥|—4/2)*=06?[g(s.)1*<&°[q(4/2+8)]™.
Thus with our choice of ¢(¢), we have for 1 large enough, d=0(1) (c; a
positive constant)

82 A 2 g €4
11+51>|A1|7{1—|:q<§+5) + |4l Ofe )>7|A1| (4.59)

For xe 4, we split the sum further into two contributions 4, = A, U A4,,
with xed; if |s>00A)+d+1, and xed, if oy(A)+d<|s )<
0o(4)+d + 1. The sum with xe A, gives the same result as (4.59). For the
sum with xe A, we simply note that (|s.|—A/2)>—(|s¥| —4/2)*>>1, so
that it is bounded below by Cst |4,].

The result of this analysis is

C

F'S

’ (I)+% Y (s3—=s¥) == ) — k()] (4.60)

xed

>~|

We now indicate the modifications needed to estimate (II). The lower
bounds (4.28)-(4.29) on f,(S, t) are unchanged. In (4.30) we have |s.| <
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go(1)+6, x=u,v. Moreover |s,+s,=2[0o(1)—35]. Thus the lower
bound in (4.30) becomes

822[04(1) ~ 1% {g4(2d + ALo(2) + 1)} k(y) (4.61)

For the terms (4.31) and (4.32) we simply use the fact that they are
positive. Therefore the bound (4.34) becomes (cs, ¢ positive constants)

(2)—87?
% 3 [ a0 s, 0> =L

>3 -J U k0] (462)

where we have used that 6 = 0(1) and o,(1)= O{A) for large A.

In the continuous case the operators involved in (4.35) and (4.36) do
not vanish. Therefore 72 must be replaced by (T + AS*)? in (4.38a)-(4.38b)
and we must consider the contributions from T2, A(TS* 4+ S*T), and the
cross terms not included in (4.27). In doing this we will use the bounds

| P(TS*+ S*T) Q,|l < 4dd (4.63)
BOATS* +S*T) A,]| <4dd (4.64)

For the terms coming from T2 we proceed as in the discrete case,
except that now max,_, |s*?| = [do(4)—5]% This yields upper bounds
like (4.39)-(4.40) with [ g.(c34)]? replaced by {g,(c3i[ao(A)—3])}2

For the ones coming from A(7S* + S*T) we also use (4.64) and (4.65).
So we find upper bounds proportional to §°{ g.(c34[do(4)— 1)} k(y) and
6%{ gi(c3ALao(2) = 81)}> Liy) — k(y)].

For the cross terms we have the same upper bounds with é replacing
2. Since we choose d = O(1) we see that the estimated of £, »o(S*, 1) and
Sfr.04(S*, 1) are as in (4.39)-(4.40) with g,(c34) replaced by g.[c34a4(4)]
and c; changed to some other constant of O(1). For (4.38c} the analysis is
similar. Finally we find

ij dt (1=1) £(S, 1)

[ "

Ce Cq

S Ploo®) =57 ' ifou)

<SE10)+ 55 11) ~ k)] (465)

=57 L) — k()]
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From (4.62) and (4.66) we get the lower bound for (II)

Cs

(0> (-5 10)- 3 U = k)] (4:6)

Finally, from (4.60), (4.66), and the remarks about the Jacobian factor
1J(S)| we obtain (4.53) for B, A, and B/A large enough with J(A)=c/A and
6= 0(1). This completes the proof of Theorem 4.1.

5. CONCLUDING REMARKS

We have indicated in Eq. (1.16) and below (1.12) the relation between
the one-point functions {s.), and (n,)> , for the FK and Holstein models.
One can also relate the spin-—spin correlation to the imaginary time-dis-
Pplaced density—density correlation of the fermions; see Appendix A. For the
Holstein and FK models at the symmetry point with periodic boundary
conditions it takes the form

B
2 dt <m0 =35 6B DN,k (550

4
+ﬁ[g(ﬂ,i)]2<sxsy>m x#y (1)

where n (t)=exp[ —tH ,(0, 4/2)1n, exp[ +tH 40, 4/2)]. For the Holstein
model we have g(f, 1)=1 and for the FK model g(5, i) is given by (A.7).

In the present work we have only considered the case of density 1/2
for the fermions. In this case the ground-state spin configuration becomes
periodic with period 2 and therefore opens a gap in the one-fermion energy
spectrum. (In other words, the system is an insulator because we have a
filled band.) Numerical simulations in one dimension show that for irra-
tional densities p of electrons (in the infinite-volume limit one can make the
density irrational) and small coupling 4 the minimizing spin configuration
is a function u,(px+a) with u,(y) analytic in 41 and periodic in y of
period 1 (thus it is incommensurate with the lattice), and « is a phase the
value of which is arbitrary. This is in contrast to the case p = 1/2, where the
function describing the spin configuration has an essential singularity at
A=0 and is commensurate with the lattice, and the phase is fixed. This
situation is analogous to the one encountered in the Frenkel-Kontorova
model and is reminiscent of KAM theory (see refs. 1 and 2 for a discussion
of these points). A rigorous proof of these numerical results is still an open
problem but may not be out of reach. A related question is whether a gap
opens or not in the one-fermion energy spectrum for irrational densities
and small 4.
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Although the integration over the quantum degrees of freedom is valid
for any A, thereby reducing the problem to a classical one, it seems to us
that it is appropriate only for large A. In the case of the Holstein model one
can easily perform the Gaussian integration over the classical degrees of
freedom by going to a functional integral representation using Grassman
variables for the fermions. The problem is then reduced to an itinerant
fermion problem with a long-range interaction in the time direction (in the
functional integral formalism). This point of view might be useful to treat
the small-1 limit, and more specifically the problems mentioned above. It
can also be used to obtain some rigorous results about the fully quantum
Holstein model (where the phonons are treated quantum mechanically) in
one dimension.'” We hope to come back to these questions in a future
work.

Finally, we mention that in ref. 24 the authors treat a kind of mean-
field version of the quantum Holstein model in which there is only a single-
frequency phonon model coupled to the fermions. An exact solution then
displays the transition to periodic structure at low temperatures. Also,
Freericks and Lieb®® have recently proved in a very general setting that if
there is an even number of electrons (with spin 1/2), the ground state is a
singlet for all electron—phonon couplings.

APPENDIX A

We prove several relations between electronic and spin correlation
functions discussed in the introduction and the conclusion. To simplify the
notation we do not write the f, u, # dependence of various quantities.

Proof of Formula (1.8). Differentiating the total energy (1.6)
L .
Fil{s})= — glog Tre=pHite (A1)

with respect to s, gives

oF, Tr n, e~ PHatnh)
ds,  Tre PHAwH

u

—h (A2)

where H' is defined as in (1.1) without the term f(s2) and p(s,) = e~ ¥,
Performing the average over the spin degrees of freedom, we obtain

0
pzAf IT pls.) ds, (a—e-m)=z<nu>A—h (A3)

An integration by parts shows that the left-hand side of (A.3) is equal to
<d/dsuf(snzl)> + [pA(Su= w)_p/i(su= —w)]’ where pA(su) is the prOb'
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ability distribution of s,. Obviously for finite volume p ,(s,= to0)=0.
Therefore {1.8) follows from (A.3).

Proof of Formula (1.16). We denote by (-),, and (-}, the
averages for the models defined by (1.15) and (1.14), respectively. Applying
(1.8), we have

Ay 4y =h—4p<(s5— 1) 8, 4 (A.4)

We now restrict ourselves to the symmetry point. As y — o, the single spin
measure (1.15) goes over to that of the FK model and from Theorem 3.1
the {s.} will be approximately given by

2
2y(s2—1) z% Y. [E(k)]"'tanh [g E(k)] (A.5)
kga=1---d
with E(k) given by (3.4). Thus we have
. A2
yllnl, 4y{(s2— 1)Su>,..y=3g(ﬂ, A8 4 Fk (A.6)
with
gB,A)= 3  [E(k)] 'tanh [g E(k)] (A7)
ky,a=1-.-d

Combining (A.4) and (A.6), we obtain (1.16).
Proof of Formula (5.7). From (A.2) we get for u, v fixed

°Fy _ . 0 Trn,e” PHawh
ds,0s, ~ 0s, Tre PHiuh

(A8)

The partial derivative on the right-hand side of (A.8) can be computed by
using first-order perturbation theory

0 . B . .
gTrnue_”"d“‘"')=—l'[ dt Tr n e~ "Hawhi(n — p)e=B-nHiwm (A 9)
v [

Replacing (A.9) in (A.8) and performing the average over the spin variables
gives

" PF,\ e
Z_AJ 1—[ p(sx) ds.\' (asu asv) e

xeA

= 22 [ dr (Cmm 0> = n><n,)) (A10)
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where for any matrix V
V([)=e’”}1(#-h)Ve—'ﬂh(H.hl (All)

The left-hand side of (A.10) can be written as (4, + 4,), with

aF, OF "\ _ £y
Al—ﬁzf}l p(s.)ds, ( %5, 3, )e A (A.12)
—_ —BFy
AZ_ ﬁZAIXI:[A p( \')dsva a (e ) (Al3)

Replacing (A.2) in (A.12) and making a double integration by parts in
(A.13), we obtain from (A.10) the final formula

22 [ dt (03 + A28, 76D = D> + <25, £ = D))
+ 485,85, S (52 (D))
= (2f"(s2) + 452 f"(s2)) b, (A.14)
In particular, for the static Holstein model at the symmetry point we get

(5.1) by setting f(s2)=1s2. In the case of the FK model we get (5.1) by
using the spin measure (1.15) and (A.5).

APPENDIX B

We discuss the existence and behavior of solutions of Egs. (2.3) of
Theorem 2.1 and (3.3) of Theorem 3.1. We set

12 1 d 2 —1/2
K y=—— % [4(2 cosk¢> +Azt] (B.1)
4 |4 kgoa=1---d a=1

Equation (2.3) reduces to f'(t)=K (), t=0. The function f'(t), 120, is
continuous and increasing [since f"(7) =0]. On the other hand, K (1) is
continuous and decreasing, and K ,(o0)=0, K ,(0) = oo as 4 — Z¢ because
I¥¢_,cosk, "' has a logarithmic singularity for k,=n/2, a=1---d.
Therefore for | 4| large enough Eq. (2.3) always has a unique solution. This
is also the case for the corresponding equation in the thermodynamic limit.

Behavior of the Solutions of (2.3) for the Holstein
Model. For A large the right-hand side of (2.3) (with t =¢?) behaves as
//4c. Thus as A — oo, g,(4) ~ /2. For small 4

d 2 —1/2 1
@~ ak|4[ T cosk,) +2%?|  ~3inie)! (B2)
[-nn)d a=1 2

Therefore we get oo(4)~A ‘e *as 1 — 0.
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Existence and Nonexistence of Solutions of (3.3). We set

k1 . B
A‘,,(t)_zmk ¥ [EK]"'tanh| 2 E(k) (B.3)

=1...d

Equation (3.3) reduces to f'(t) = K, 4(t), which is a monotone decreasing
function of ¢ for any f with K, 4(0)=0. For f< 0, K, 4(0) remains
bounded as 4 — Z4 because

-1

B
tanh 7

d
Y cosk,
=1

d
Y cosk,
a=1

is integrable. Two cases have to be considered. When f is a polynomial of
degree greater than or equal to two [case (i) of Theorem 3.1] then
J'(0)=0. Thus in this case (3.3) has a unique solution for all 8. On the
other hand, in case (ii) of Theorem 3.1, f'(0)=1. Therefore there is a
unique solution if § is such that

K. p(0)>1 (B.4)
and no solution if
K, p(0)<1 (B.5)

The inequality (B.4) is obviously satisfied for § small enough, while (B.5)
holds for f§ large enough. The critical value of § is unique since K, ; is a
monotone increasing function of f.

APPENDIX C

We derive an upper bound on the kernel of G(S*, t), by using the
Combes-Thomas method.'® The argument was used already in refs. 18 and
19, but here it is slightly different, so we provide the details. What follows
is valid for discrete as well as continuous spins.

Let Q be the matrix with elements (Q),, =¢e™ “$,, for a vector m to be
conveniently chosen later. A computation yields

2
0LGus*, 017 0~ = [Gus* 01 +E R )
with

R(S*)=(ET+TE+E?),+ {ET+ TE+ E?*)5p
+ A(ES + SE), + tA(ES + SE) (C2)



122 Lebowitz and Macris

where (E),, = t,.(e™ *“ " —1) and for any matrix V, ¥, and V,, are the
diagonal and nondiagonal blocks i.e.,

Vp=P,VP,+0,VQ,+A4,VA, (C3)
Vao=P,VQ,+Q,VP,+P,VA,
+ A, VP, +Q,VA,+A4,VQ, (C4)

Since the operator norm ||S*| =max,. 4 |s¥,

IR(S*)|| < 8d?*(e'™ — 1) +8d?*(e'"™ —1)? + 8dA(e'™ — 1) max |s,] (C.5)
xeA
Moreover the operator norm of

2
[G(S*, )] ' = <k+ > 7’ +ﬂ [A25*2 +(T%)p+ T np

+ AUTS*+ S*T)p+ A(TS* + S*T) v ] (C.6)

is given by its maximal eigenvalue. Consequently it is certainly greater than

2
LGS, 0]~ = (k +%) .

2

+ 7 (4? max |s*?| — 84 — 8dA max |s*|) (C.7)
xed xeA

The configuration {s¥} has max,., |[s¥{ =1 (for discrete as well as con-
tinuous spins); therefore for A large enough we have

Bz
JLGA(S*, r)]“]l>(k+ 2) 25

7 ¢347 max js2? (C8)

with ¢35 a positive constant independent of 4. From (C.5) and (C.8) we see
that by choosing |m| =1 we have for some positive constant ¢} independent
of A

2 2 2
10GW(S*, t)]“ll—ﬂ ||R(S*)||>(k+2> n2+%c’312 max |s*?| (C9)
xeA
Therefore, taking m= —(u—v)|u—v|~!, we conclude from (C.1) and
{C.9)

1

S*, <
W GLS D < e T T P max.n, 97

e~ (C.10)



Itinerant Fermions 123

ACKNOWLEDGMENTS

It is a pleasure to thank G. Gallavotti for important help at the early
stage of this work, and for many stimulating discussions on still open
problems. We also thank S. Aubry, G. Benfatto, Ch. Gruber, and
E. H. Lieb for discussions. J. L. L. and N. M. acknowledge the hospitality
of LH.E.S. where this work was initiated and N. M. acknowledges the
warm hospitality he received at Rutgers University. This work has been
supported by NSF grant NSF-DMR 92-13424 AFOSR grant 0115-92, and
the Swiss National Foundation for Science.

REFERENCES

1. S. Aubry, in Microscopic Aspects of Non Linearity in Condensed Matter Physics,
A. R. Bishop, V.L. Pokrovsky, and V. Tognetti, eds. (Plenum Press, New York, 1991},
pp. 105-111.

2. S. Aubry, G. Abramovici, and J. L. Raimbault, J. Stat. Phys. 67:675 (1992).

3. S. A. Brazovskii, E. Dzyaloshinskii, and I. M. Krichever, Sov. Phys. JETP 56:212 (1982).

4. H. J. Brascamp and E. H. Lieb, in Functional Integration and Its Applications, A. M.
Arthurs, ed. (Clarendon Press, Oxford, 1975), Chapter 1. .

5. Ph. Choquard, The Anharmonic Crystal (Benjamin, New York, 1967).

6. J. M. Combes and L. Thomas, Commun. Math. Phys. 34:251 (1973).

7. ). F. Freericks and L. M. Falicov, Phys. Rev. B 41:2163 (1990).

8. L. M. Falicov and J. C. Kimball, Phys. Rev. Lett. 22:957 (1967).

9. J. K. Freericks and E. H. Lieb, The ground state of a general electron—phonon
Hamiltonian is a spin singlet, preprint (1994).

10. G. Gallavotti, private communication.
11. Ch. Gruber, Helv. Phys. Acta 64:668 (1991).
12. G. Gallavotti and J. L. Lebowitz, J. Marh. Phys. 12:1129 (1971).

13. Ch. Gruber, J. L. Lebowitz, and N. Macris, Phys. Rev. B 48:4312 (1993).

14. C. Gruber, D. Ueltschi, and J. Jedrzejewski, J. Stat. Phys. 76:125 (1994).

15. T. Holstein, Ann. Phys. 8:325 (1959).

16. T. Kato, Perturbation Theory for Linear Operators (Springer-Verlag, New York, 1966),
Chapter 2, p. 282.

17. T. Kennedy, Some rigorous results on the ground states of the Falicov—Kimball model,
Rev. Math. Phys., to appear (1994).

18. T. Kennedy and E. H. Lieb, Physica 138:320 (1986).

19. T. Kennedy and E. H. Lieb, Phys. Rev. Lett. 59:1309 (1987).

20. P. Lemberger, J. Phys. A 25:715 (1992).

21. E. H. Lieb and M. Loss, Duke Math. J. 71:337-363 (1993).

22. J. L. Lebowitz and N. Macris, Long range order in the Falicov-Kimball model near the
symmetry point: extension of Kennedy-Lieb theorem, Rev. Math. Phys., to appear (1994).

23. R. Peierls, Quantum Theory of Solids (Oxford University Press, Oxford, 1974).

24. J. V. Pule, A. Verbeure, and V. A. Zagrebnov, J. Star. Phys. 76:159 (1994).

25. P. G. Van Dongen and D. Vollhardt, Phys. Rev. Lett. 65:1663 (1990).

26. U. Brandt, R. Schmidt, Z. Phys. B 63:45 (1986).



